We investigate the existence of nonlinear phase-modulated relativistic solitary waves embedded in an infinitely long circularly polarized electromagnetic wave propagating through a plasma. These states are exact nonlinear solutions of the 1-dimensional Maxwell-fluid model for a cold plasma composed of electrons and ions. The solitary wave, which consists of an electromagnetic wave trapped in a self-generated Langmuir wave, presents a phase modulation when the group velocity V and the phase velocity V ph of the long circularly polarized electromagnetic wave do not match the condition V V ph = c 2 . The main properties of the waves as a function of their group velocities, wavevectors and frequencies are studied, as well as bifurcations of the dynamical system that describes the waves when the parameter controlling the phase modulation changes from zero to a finite value. Such a transition is illustrated in the limit of small amplitude waves where an analytical solution for a grey solitary wave exists. The solutions are interpreted as the stationary state after the collision of a long laser pulse with an isolated solitary wave.
I. INTRODUCTION
The progress in laser technology has provided the conditions to investigate previously unattainable regimes in laser-plasma interaction and also to test physical theories such as the dynamics of nonlinear waves in plasmas. A topic that has received great attention is the existence of solitary waves produced during the interaction of a high-intensity laser pulse with an underdense plasma. These waves are excited by the downshifting of a fraction of the incident laser pulse that, when it reaches a frequency below the local Langmuir frequency, becomes trapped inside a related electron density cavity [1, 2] . In this cavity, the electrostatic force due to charge separation is balanced by the ponderomotive force of the trapped wave. The theoretical works, most of them carried out in the framework of the fluid plasma model (see Ref. 3 for a summary), together with the solitary waves observed in one [4] , two [1, 2, 5, 6] and three [7] [8] [9] dimensional particle-in-cell simulations have laid the foundations of our current understanding of these electromagnetic structures.
Such knowledge is now crucial to interpret the recent laboratory experiments where solitary waves (or their signatures) have been observed [9] [10] [11] [12] [13] [14] [15] .
Even though the warm [16, 17] and magnetized [18, 19] plasmas have been also considered, the properties of the solitary waves have been mainly investigated within the cold, relativistic, one-dimensional fluid approximation [3, [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . This theory assumes a circularly polarized vector potential with components normal to the direction of propagation x given by A y + iA z = a(ξ)exp {i [kx − ωt + θ(ξ)]}
where ξ is the coordinate in a frame moving with the group velocity V , ω is the frequency and k the wavevector. Taking only variations with ξ, substituting this vector potential in the Maxwell-fluid equations and imposing either vanishing (VBC) or nonvanishing (NVBC) boundary conditions at ξ → −∞, the partial differential equations become three ordinary differential equations for the amplitude a, the potential φ and the phase θ. The variables a and φ are governed by two second order differential equations that describe Langmuir and electromagnetic waves coupled by the nonlinear term arising from the perturbation of the density and relativistic mass. The variable θ is decoupled and can be calculated once a and φ are known. Even though the system is not completely integrable the solitary waves solutions are commonly referred to as solitons.
The set of ordinary differential equations for a and φ has a Hamiltonian structure and certain symmetries (i.e. it is ξ-reversible), and can be investigated by directly applying the theory of dynamical systems. However, it is important to note that not all solutions of this Hamiltonian system are physically relevant; only solutions connecting a certain fixed point in phase space are consistent with the boundary conditions imposed to the original partial differential equations at ξ → −∞. We also recall that solitary waves are homoclinic or heteroclinic orbits to such a fixed point and they lie in the intersection of its stable and unstable manifolds. Therefore the existence and stability properties of the fixed point play a central role, as they determine the domains in the V − ω − k parametric space where solitary waves may exist (as well as the properties of the spectrum of solutions). For instance, in parametric domains where the fixed point is a center, a saddle-center or a saddle-focus, one expects to have no solutions, branches of solutions or a continuum, respectively (except for very particular cases, i.e. resonances [31] ). This result can be inferred by taking into account the dimension of phase space and the dimension of the stable and unstable manifolds of the fixed point. Unless further restrictions exist, the continuous spectrum detected in domains where the fixed point is a saddle-center [3, 28, 29] may be considered a numerical artefact.
For VBC, a → 0 and φ → 0 as ξ → −∞, the solitary waves are commonly named bright solitons and they represent a light wave trapped in a self-generated plasma wave [24] . They are homoclinic orbits to the fixed point of the Hamiltonian system and therefore a → 0 and φ → 0 as ξ → +∞. In this case the Maxwell-fluid model only admits solutions if the phase velocity V ph ≡ ω/k and the group velocity V satisfy the relation V V ph = c 2 and the phase θ is constant. The problem has two free parameters, the fixed point where the orbit connects is a saddle-center, and the solutions are organized in the V − ω plane in branches where the vector potential has different numbers of zeros or humps [27] . The branches end at a critical velocity where the ions density profile shows a cusp. This soliton breaking has been proposed as a mechanism of ion acceleration [27] . For fixed ions and V=0, an analytical solution can be found and solitary waves exist within a continuous range of ω [26] .
In the case of nonvanishing boundary conditions (NVBC), a → a 0 and φ = 0 as ξ → −∞, the solutions of the system represent a solitary electromagnetic wave trapped in a selfgenerated Langmuir wave and embedded in an infinitely long circularly polarized electromagnetic wave. Crudely speaking, a solitary wave with NVBC can be considered as a wave with VBC but embedded in a long laser pulse with amplitude a 0 . For this case the system does not require any condition relating V , ω and k and in general there is also a modulation in the phase. The amplitude a 0 is linked to ω and k by the dispersion relationship of a circularly polarized electromagnetic wave in a plasma, a relation that naturally appears in the dynamical system as the condition of existence of the fixed point where the solitary wave connects. Previous works have investigated these waves in the particular case V V ph = c 2 [3, 29, 30] . Under this assumption, there are only two free parameters, for instance V and ω, and the solutions have no phase modulation. Depending on the behaviour of the solitary waves at ξ → +∞, it is possible to construct three different kinds of solutions: (i) grey solitons (a → a 0 and φ → 0), (ii) dark solitons (a → −a 0 and φ → 0) and (iii) shock waves (a → 0 and φ → φ 0 ). Note that the grey solitons are homoclinic orbits whereas the dark solitons and the shock waves are heteroclinic orbits. The solitary waves are organized in branches in parameter regions where the fixed point is a saddle-center [3, 29] and in a continuum if it is a saddle-focus [30] .
Here we consider solitary waves with NVBC and, as opposed to previous works, we do not 
II. THE FLUID MODEL
The solitary waves are studied in the framework of the Maxwell-fluid model. The plasma is assumed to be cold and composed of electrons and ions that are denoted by the subscript α = e, i respectively. For convenience, we normalize the length, time, velocity, momentum, vector and scalar potential, and density to c/ω pe , ω −1 pe , c, m α c, m e c 2 /e and n 0 respectively.
Here n 0 , m α and ω 2 pe = 4πn 0 e 2 /m e are the unperturbed density, rest mass and electron plasma frequency, respectively. Using this notation Maxwell's (in the Coulomb gauge) and plasma equations are
where A and φ are the vector and scalar potentials,
and p α and v α ≡ p α /γ α are the kinetic momentum and the fluid velocity respectively. For convenience the dimensionless parameter ǫ α ≡ (q α m e )/(em α ) has been introduced (q e = −e and q i = e are the charges of the species).
Assuming ∂ y = ∂ z = 0, the Coulomb gauge gives A = A ⊥ and Eq. (2d) yields P ⊥α = 0.
Here ⊥ denotes the direction perpendicular to x. For convenience we will take a definition for the vector potential and the variable ξ slightly different from the one introduced in Sec.
I. In particular, we take all variables to be functions of ξ = (x − V t)/ √ 1 − V 2 , and write the normalized circularly polarized vector potential as
where ω and k are the frequency and the wavevector in a frame moving with the group velocity of the solitary wave V . By imposing the boundary condition a = a 0 , φ = 0, n α = 1 and p xα = 0 as ξ → −∞, the longitudinal component of Eq. (2d), Eq. (2c) and the definition of the γ α factors yield
where we introduced the following auxiliary variables ψ α (a, φ) ≡ 
and for brevity we also wrote
Equations (4) and (5) System (4-5) is a ξ-reversible fourth order Hamiltonian system with Hamiltonian
where the momenta are given by
The Hamiltonian is constant since it does not depend on ξ. Another interesting property is the existence of the
The physical interpretation of this condition is evident if we rewrite it as [32]
where
are the frequency and the wavevector in the laboratory frame. Therefore, Eq. (8) is the dispersion relation of a pure transverse circularly polarized electromagnetic wave with relativistic amplitude and mobile ion effects.
It has a solution within the frequency rangek ≡ω min <ω <ω max ≡ √ 1 + ǫ +k 2 .
In order to be consistent with the boundary conditions imposed to the original partial differential equations [Sys. (2)], the solitary waves must connect with the fixed point Q + 0 as ξ → −∞. In the particular casek = 0 there is another fixed point
with Q 1 is referred to as a shock wave [3, 29] and it exists for velocity values [30] 
This velocity is obtained by requiring the Hamiltonians at Q + 0 and Q 1 to be equal. In summary, fork = 0 (V V ph = 1), there are grey solitons (homoclinic orbits
III. QUASINEUTRAL PLASMA AND SMALL AMPLITUDE WAVES
We start the analysis of Sys. (4)- (5) by first looking at the long wavelength and small amplitude limit. Under these conditions the quasineutral approximation φ ′′ << n e − n i is valid and, setting φ ′′ = 0 in Eq. (5), the potential can be written as a function of the vector potential amplitude (see Ref.
[32])
Substituting this relationship in Eq. (4) and keeping terms of third order in a and first order in ǫ, one finds
Equation (12) In order to discuss the solitary waves, it is necessary to look at the fixed points of Eq. (12) and their stability. One readily finds that the fixed point Q 
In addition to Q ± 0 , Eq. (13) has two additional fixed points given by
On the other hand, the stability of Q . We remark that this condition correspond to very small velocities (the square root of the ratio of the electron to the ion masses ǫ with a correction due to the phase modulation). One also readily verifies that in the regime Ω < 1, Q * and Q ± * are centers.
The above information about the existence and stability of the fixed points is very helpful to understand the dynamics of the solitary waves. Fork = 0, Eq. (13) 
that becomes Eq. (14) 
Therefore the phase as ξ → +∞ is θ ∞ ≡ 2 tan We start by delimiting in the parametric V −ω −k volume the domains of stability of the fixed points Q ± 0 . The stability character is determined by the four eigenvalues, say λ 1−4 , of the Jacobian matrix of Sys. (4)-(5). We find λ
are or saddle-focus type if ∆ < 0, saddle-centers if √ ∆ > δ > 0 and centers if 0 < √ ∆ < δ.
The condition √ ∆ = δ yields the velocity values that separate the stability domains where Q ± 0 are saddle-centers and centers
Similarly the condition ∆ = 0 gives two different velocities that are the boundaries of the domains where Q ± 0 are saddle-foci and centers
In the limitω →ω min (a 0 → ∞) the velocities have the asymptotic behaviour V SC ∼ V 
B. Solitary waves in the saddle-center domain
When Q ± 0 is a saddle-center, the stable and unstable manifold of Q ± 0 are 1-dimensional and the following shooting method can be used to find the solutions [23] . For fixedω and k, Eqs. (4)- (5) Therefore, the solitary waves appear in surfaces within the V −ω −k parametric volume.
C. Solitary waves in the saddle-focus domain
In the saddle-focus domain, the stable and unstable manifolds of Q ± 0 are 2-dimensional and are in general expected to intersect transversally along a 1-dimensional curve that corresponds to the solitary wave. Therefore, for fixedk, the solitary waves appear in a The breaking of the solitary waves with VBC has been also proposed as an additional mechanism for the generation of fast ions [2, 32] . In this case, the solitary waves are organized in branches in the V −ω plane which end at the breaking velocity V br (V br ∼ 0.32 for singlehump waves) where the density profile exhibits a cusp profile. The authors estimated the energy gained by the ions during the wavebreaking by E ion ∼ φ br /(1 − V br ) [2, 32] . Similarly, in Ref. 30 it was shown that the boundary of existence for the solution in panels (a), (b) and (c) of Fig. 5 is due to a bifurcation mechanism known as coalescence [31, 34, 35] . In the case of wavebreaking, we can follow the reasoning of Refs. 2 and 32 and estimate the energy gained by the ions by using the maximum value of the potential given in panels (c) and (d) of Fig. 6 . For instance, fork = 0.2, the maximum potential φ max ∼ 50 is reached for V ∼ 0.3 that gives an energy E i ∼ 35MeV .
On the other hand, panels (e) and (f) in Fig. 6 show the phase shift θ ∞ in the range −π < θ ∞ < π introduced by the solitary waves. We observe that fork = 0.2 it varies from 0 atω ∼ω min to π atω ∼ω max . In the casek = 1, the phase shift is small and uniform in the V −ω plane. that, if for certain given parameters the fixed point is a saddle-focus and a homoclinic orbit exists, then there exist infinitely many multi-hump homoclinic orbits [36] . Panel (b) in Fig.   7 shows an example of a two-hump solitary wave at exactly the same parameter value as the wave shown in Fig. 5 . Clearly, each hump introduced a jump in the phase θ. 
V. CONCLUSIONS
In the last two decades particle-in-cell simulations [1, 2, [4] [5] [6] [7] [8] [9] and laboratory experiments [9] [10] [11] [12] [13] [14] [15] have shown the excitation of relativistic solitary waves during the interaction of a high-intensity laser pulse with an underdense plasma. They produce different interesting phenomena like the emission of electromagnetic bursts when they reach the plasma-vacuum interface [5] or holes in the plasma density (also called post-solitons) where ions are accelerated [37] . The breaking of solitary waves can also provide an additional mechanism for the generation of fast ions in laser irradiated plasmas [27] . In this work we have discussed the existence of phase modulated solitary waves embedded in an infinitely long circularly polarized electromagnetic wave in plasmas. These waves are exact nonlinear solutions with nonvanishing boundary conditions (NVBC) of the Maxwell-fluid equations for a cold plasma composed of electrons and ions.
The main properties of the waves as a function of their group velocities, wavevectors and frequencies have been investigated with special attention to the limit of small amplitude waves. We emphasized the role of the fixed point where the solitary waves connect, since its stability determines how the waves are organized depending on the above cited parameters. In particular, we have have derived analytically the critical velocities that dictate the parametric domains where the solitary waves do not exist, exist in branches, or form a continuum. In a second step, the implementation of a spectral algorithm allowed to compute different families of solutions and their domains of existence.
As compared to previous works [3, 29, 30] , the solitary waves with phase modulation present two important new aspects. First, by changing the parameterk that controls the nonlinear phase modulation, it is possible to modify the phase shift introduced in the infinitely long electromagnetic wave. For instance, we have shown in the small amplitude limit that the dark wave (k = 0) has a phase shift equal to π and it reverses the sign of the magnetic field. However, by including the phase modulation (k = 0), a grey wave with the desirable phase shift and the same physical properties, i.e. the same type of φ profile, can be obtained. The second difference involves the parametric regime where solutions exist. Whereas non-modulated solitary waves are not possible (or at least were not detected [3, 29, 30] ) within the group velocity range 0.05c − 0.32c, the addition of a phase modulation allows the construction of solutions in this range.
The experimental excitation of solitary waves with NVBC is still an open problem. It is well known that solitary waves with vanishing boundary conditions (VBC) are spontaneously excited during laser-plasma interaction [1] but, to the best of our knowledge, they have never been observed embedded in long laser pulses. A long laser pulse with a localized amplitude modulation could probably excite solitary waves with NVBC. A similar scheme but with a short pulse was proposed to excite solitary wave with VBC [24] .
The solitary waves studied here can also be interpreted as the stationary state after the collision of a long laser pulse and a solitary wave with VBC [30] . We now propose that solitary waves with NVBC could be excited by using two laser pulses. First, a short laser pulse with frequency above (but close to) the electron plasma frequency ω pe would excite solitary waves with VBC. In second place, if a second long pulse is able to interact with one of the solitary waves, it could become embedded in the long pulse. Previous works [3, 29, 30] would predict a phase shift across the long laser pulse equal to 0 or π depending on the type of solitary wave (grey or dark). However, the phase shift of the more general solutions studied in the present work could take intermediate values that would depend on the particular conditions of the interaction. According to the theoretical predictions, it would be controlled by the type of solitary wave, its group velocity and the amplitude and frequency of the laser. We finally remark that a similar scheme with two laser pulses has been proposed to generate ultrashort electromagnetic pulses [38] . Unlike our case, the second laser pulse must be short and it produces the ultrashort wave during the interaction with the solitary wave. 
In this case the phase space is 2-dimensional and the (1-dimensional) stable and unstable manifolds of the fixed point always intersect. This geometrical argument justifies the appearance of solutions in a continuous range ofω. However, for NVBC the eigenvalues of the fixed point (a, a ′ ) = (a 0 , 0) are λ 1,2 = ±i 4Γ ek 2 + a
